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New Estimates for Solutions of Lyapunov Equations nonascending order when they are real, iJa.(A) > X(4) >

- > A (A), RN (A) denotes the real part ofi (A), and(RX;(A4))

Yuguang Fang, Kenneth A. Loparo, and Xiangbo Feng  are arranged in nonascending order, iRg\; (4) > RAs(4) > --- >
R, (A). Letu(-) denote the matrix measure induced by some vector

. o ) or matrix norm and defined by the formula
Abstract—In this paper, new results for estimating the solution of
differential and algebraic Lyapunov matrix equations are obtained, and . . [ T+64] -1
some of the well-known results are generalized. n(A) = 91%2 5

Index Terms—nequality, Lyapunov equations, matrix measure, trace. . . . .
quaty, byap q The matrix measure induced by the 2-norm (i.e., the Euclidean norm)

is denoted byua(A) andjz(A) = L X\ (A + A'). Properties of the
I. INTRODUCTION matrix measure can be found in [11] and [12].
Lemma 2.1: For any matrixA and any symmetric matrix3[6],

The Lyapunov matrix equation is very important for stabili =
yap a y Imp Y A= (A+ A4")/2, then we have

analysis in control theory. Although the exact solution of the Lya{-et
punov equation can be found numerically, the computational burden An(A) tr (B) — Ao (B)(n), (A) — tr (4))
increases with the dimension of the system matrices. For some ) _ ) .
applications such as stability analysis, it is often not necessary to < tr(AB) < Ai(4) tr(B) = An(B)
know the exact solution because an estimate of the solution is “(nA(A) — tr(A)).
sufficient. Also, if the parameters in the system matrices are uncertain, - o
it is not possible to obtain the exact solution for robust stabilit) Particular, for any positive semidefinite matri we have
analysis; therefore, it is necessary to find a reasonable estimate for A (@) tr (B) < tr(AB) < A, (A) tr (B). 0O
the solution of the Lyapunov equation to obtain some robust stability - -
results. In [7], we have used such an approach to study robust stability emma 2.2: Let ux(-) denote the matrix induced by the vector
and performance analysis for uncertain stochastic systems. norm ||z|| = V&' Fx, whereF is a positive definite matrix. Let”

The estimation problem for the solution of the Riccati and Lyadenote the set of positive definite matrices. Then for any matrix
punov matrix equations has attracted considerable attention in the have
past two decades. Mori and Derese [1] gave a very good summary
on this topic. In most works, the lower and upper bounds are RA(4) = max RXi(4) = inf pw(A).
for the following quantities: the largest eigenvalue, the trace, the - |
determinant, the partial summation of eigenvalues, the partial prodidereover, the matrix measunex(A) is given by
of eigenvalues, and the solution itself. There are plenty of results for 1 , 12 1/
obtaining the lower bounds for these quantities; however, in practical pr(A)= LM (FAFT + A') = in(F 12AF~1/%
applications, especially for stability analysis, the upper bounds f@fare the Euclidean norm-induced matrix measure is given by
the trace and the largest eigenvalue are desirable [7]. Recen J)_!(A) — 1) (A4 A).
Komaroff [2], [3], [9] used majorization techniques to obtain some Proof:z The proof of this result is similar to [11, Th. 4. O
very excellent estimates for the partial summation and partial product oyma 2.3 [10, p. 515]:For any matrixA, we have
of the solution of Lyapunov matrix equations. Mrabti and Hmamed
[8] presented a unified approach using the delta operator technique to tr(ete) < tr (e, O
obtain lower bound estimates for the solution of both continuous-time
and discrete-time Lyapunov matrix equations.

In most cases, the bounds that have been obtained are the best pos- ) ) ] ]
sible under some, unfortunately, restrictive assumptions. For example(,:ons'der the differential Lyapunov matrix equation
for most of these bounds, the common assumption isAh#&tA’ is P(t) = A'P(t)+ P(WA+Q, Py= Plto) 1)
negative definite. This is obviously restrictive, because the stability of
A does not guarantee this assumption. In this paper, we will remoxgd the algebraic Lyapunov matrix equation
this assumption and provide some general estimates for continuous- ,
time Lyapunov matrix differential and algebraic equations. Because of AP+PA+Q=0 (2

their importance in robust stability and performance analysis, Spec\}vaf%erecg is a constant positive semidefinite matrix atds a constant
attention will be given to upper bound estimates for the trace. P

(Hurwitz) stable real matrix. The main objective of this paper is to
find estimates for the positive semidefinite solution matri¢¥s)
[I. NOTATIONS AND PRELIMINARIES and P for (1) and (2), respectively.
In what follows, we will use the following notationsd is a We first give an upper bound for the trace of the solutiot) of
real n x n matrix, A’ denotes the matrix transpose,(A4) is the the differential Lyapunov matrix equation (1).
trace of A, \;(A) is an eigenvalue ofd, ()\;(A4)) are arranged in  Theorem 3.1: Suppose that the real matrikis stable andi + A4’

) ) ) ~is nonsingular, then we have
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Proof: The solution of (1) can be expressed as

P(t) = e‘Al(L_lO)P(to)eA(L_LO) + /‘t A0 Qe =) s,

to

From this, we can obtain
r(P0) =t (0 Pta)e 1)
+ /t tr (e Qe 7)) ds

ot
+/ tr (Qe (e (79 g,
to

Proof: Taking the trace on both sides of (1), with(t) =
tr (P(t)) we obtain

y(t) = tr ((A+ A)P(t)) + tr (Q). ®)
Applying Lemma 2.1, we have
A (A4 A tr(P(t) <tr ((A+ A")P(1))
<M (A+ At (P(1).
Taking this into (3) and recalling that (P(¢)) = y(t), we obtain
An(A+ ANy(t) +tr(Q)
<Gt < M (A4 ADy(t) + tr (Q).

Using the Gronwall-Bellman lemma, the desired result is obtained
directly. O

Applying Lemma 2.1 and Lemma 2.3 to the right side of the above If A,(A 4 A’') <0, we obtain an estimate for the trace of the

inequality, we have
e (P(1)) < M(Plto)) tr (00710 4 x1(Q)

-t
/ t1‘(e<4+4,)(t_s))ds

to

=i (P(to)) tr (e 1 X (Q)

/-t n
to ;=1

=i (P(to)) tr (e 1 X (Q)

n . ’ t
. Z <_ PAi(AFA))(t=s) )‘

Ai(AFAN(E=s) 4o

s (A + A

=X\ (P(to)) tr ('G(AJrA’)(tftO)) -0 (Q)

n n

E)\Z-(A+A’)(t7t0)

1 >
Lntra MO S

i=1
=\ (P(to)) tr (eATA—10)y _\ (@)
tr((A4 497

" Ai(A+A ) (t—tp)

+2(Q) N A L A
; Ai(A+ A

This completes the proof. (I

From the proof, we can easily modify the first term on the right-
hand side of the inequality in Theorem 3.1 to obtain the following:

Theorem 3.2: Suppose that the real matrik is stable andd + A’
is nonsingular, then we have

tr (P(t)) < tr (P(to))\ (eATA00=00)y _\ Q)

At A1 4\ "L ri(A+A) (= to)
“tr((A+A4)7 )+ 1(Q);W

solution of the algebraic Lyapunov matrix equation (2) and we have
the following.

Corollary 3.1: If A;(A + A") <0, then the trace of the solution
of (2) has the following upper bound estimates:

tr(P) <—M(Q)tr ((A+A4)™h) )
r(P) < % )

Proof: In Theorem 3.1 or Theorem 3.2, lettinggo to infinity,
we can obtain (4). Similarly, (5) can be obtained from Theorem 3.3.
O

Remarks:

1) Theorem 3.3 is the exact result obtained by Maral. [5], but
the proof given here is much simpler than [5].

2) For the upper bound, it is hard to say whether Theorem 3.1,
3.2, or 3.3 is better. However, if we chooQe= o, our result
improves Moriet al’s result. To illustrate this, we prove that
(4) is better than (5) for this case. In fact,¥{f (A + 4') <0,
then)\;(A + A') <0, and from (4), we have

tr(P) <=M\ (Q)tr((A+4)7h

1 1
= _Q<A1(A MR W A’))
—no

< -
SNA+A)

from which we conclude that (4) is better than (5) = 1.

From [8, (46)], we can also obtain (5). Therefore, our result also

improves the bound obtained in [8].
In Lemma 2.1, the first set of inequalities is better than the second
set of inequalities, and the latter is often used to obtain estimates for
solutions of algebraic Lyapunov equations in the literature; therefore,
we can expect that if the first set of inequalities in Lemma 2.1 is used,
a better estimate for the trace of the solution of (2) can be obtained.
This result is summarized in the next theorem.

Another direct approach is to use Lemma 2.1 to obtain the 1heorem 3.4:Suppose thatu(4)<0 and @ is a positive

following result.

Theorem 3.3:We have following estimates for the trace of th

solution of (1):

21(8) < tr(P(#)) < za()

where z;(¢) and z2(¢) are the solutions of the following scalar

differential equations:

() = A (A+ Az () + tr (Q),
L) = (A + A () +tr(Q),

z1(to) = tr (P(to))
z(to) = tr (P(to)).

semidefinite matrix, then the solutioR has the following upper

é)ound estimate:

_ (@) A(@Q)(mp2(A) — tr (4))
tr(P) < 2u2(A) + 202 (A)p2(—A) .

If A is only stable, then we have the following lower bound estimate:

tr(Q) | A(@Q)(tr(A) +npz(=4))
2p2(—A) 2ui(—A) ;

tr(P) >

Proof: From (2), we have

0=2tr(AP) + tr (Q). (6)
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Applying Lemma 2.1 to the first term in (6), we obtain From (2), we obtain
— _ —1 —1y/ =1 =1 4 1r —1 —1
0 < 201 () tr (P) = 2, (P)(nAs (D) = tr (A)) + t1(Q) (TP )TAT )+ (T " ATHT PT )
+T77'QT ' =0. (10)
ie.,
Applying Lemma 2.1 and Theorem 3.4 to (10), we can easily obtain
—2i2(A) tr (P) < —2X, (P)(np2(A) — tr (4)) + tr (Q). the following theorem.
pa(A)tr(P) < (P)(np2(4) () @ Theorem 3.6:Select a positive definite matrixt’ satisfying
Sinceu2(A) <0, from the above inequality, we have pe(A) <0, then we have
n—1
tr (Q) nua(A) —tr(A4) tr(P) < AF) (P2 Q)
tr(P) < — 2> () 2 () An(P). ™ —2pp(A)
+ M)A (F1Q)(npup(A) — tr(4))
Notice thatngis(A) — tr (A) = nAi(A) —tr (A) = 272, {M (A - 2pr (A)pr(—A) '

Xi(A)} > 0. i . . , ;
Ai(4)} 2 0. We obtain Proof: Notice thattr (F~*P) > tr (P)/\:(F), then the proof

nu2(A) —tr(A) follows easily. O
T A <0 (8) Corollary 3.2: Given a positive definite matrixF satisfying
2#2(A)
ur(A) <0, then

Let = be the eigenvector aP associated with the eigenvalag (P). M(F) e (F~'Q)
' ,

Then from (2), we can easily obtain tr(P) < TM(FAFTEA4)
1 . P
A (P) = ' Qu > (@) _ ; (@) Applying Theorem 3.5 to (10), we can obtain the following
20/ (—A)x T 20 (—A4)  2p2(—4) generalization.

Th 3.7:Let F b iti definit tri tisfyi
Taking this into (7) with the aid of (8), we obtain the desired uppeﬁfy(;oiegq then € e a positive definite matrix satisfying

bound estimate.
Using a similar method, we can prove the lower bound estimate. " X(FT'Q)
tr(P) < =X\ (F _
This completes the proof. | r(P) S =M ); XN(FAF—! 4 A7)
Remark: From the proof, we observe that the second term of the
first inequality in Theorem 3.4 is nonpositive, so this bound is better

.thf"‘“ M(.)n etal’s [5], Mrabti et al’s [8] and [2, eq. (18)]. Howevgr, of Theorem 3.7 is that we do not use the assumpligd + 4”) < 0.
it is difficult to say whether Corollary 3.1 or Theorem 3.4 provide } . - 0
he only assumption we have is the stability df which is a

the better resqlt. Because.the second term of the second 'nequa“t}‘lé'aessary and sufficient condition for the existence and uniqueness
Theorem 3.4 is nonnegative, we have of a positive definite solution of the Lyapunov matrix equation.

o (Q) FoIIowi_ng the same idea, we can obtain an upper bound for the
tr (P) > Tl A (9) largest eigenvalue of the solutioR
Ha(=4) Theorem 3.8:Let F be a positive definite matrix satisfying
This is better than some known results in the current literature, fgr (A4) <0, then
example, [8, eq. (47)]. There are some excellent lower bounds for the (PN (FT'Q)
solution of algebraic Lyapunov equations (see [3] and [8]). M(P) < T(A)
Under the assumption that(A4) <0, i.e., A1 (A + A") <0, using
majorization techniques [13], Komaroff [9] was able to obtain al! particular, if »(A) <0, then we have
excellent upper bound for the trace of the solution of (2). We state M(Q)

|
Remark: WhenF' = I we can obtain Theorem 3.5. The advantage

it in the following. M(P) < —2ua(A)
Theorem 3.5 [9]: Assume that\; (4 + A') <0, the trace of the 0
solution of (2) has the following upper bound: L .
) g upp In Theorems 3.6 to 3.8, the matriX is introduced to improve the
" A (Q) upper bound estimates. The selectiorFofo obtain the tightest upper
tr(P) < — Z m bound estimates is an open question. Lemma 2.2 shows tHatsf
i=1 ' h

stable, there exists a matriX such that:, (A4) < 0. One procedure
. A\ . to find such anF’ is given in the proof of [11, Th. 4]. From (10), we
Remark: If A1 (A+ A7) <0, Theorem 3.5 is better than COrOIIaryobserved the relationship betweé&hand a similarity transformation

3.1 . . - on the system matrid. This provides a way of optimizing the upper
The assumption:2(4) <0 is commonplace for obtaining uppery - qe given in this paper.

bounds (and some lower bounds) for the solution of the LyapunovNextl we present an example to illustrate the generality of the
equation (see Theorem 3.5). However, for some stable matrices, {B8uits obtained in this paper.

above assumption may be violated, hence the above upper boungxample: Let

for the trace of the solution becomes meaningless. For example,

A= (") _?)is a stable matrix, howevei (A + A") = 0. To A= <_(1) _i), Q= <(1) ?)

overcome this difficulty, we want to make the following modification.

From Lemma 2.2, we can see that for any stable matrithere exists Since u2(4) = 0.5 (4 + A’) = 0, we cannot use Theorem 3.4
a positive definite matrix” such thatus(A)<0. Let T = F. or Theorem 3.5.
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ChooseF = (“02 1), wheree >0 is to be determined. We have A Remark on the Stabilization of
_9 _9.2 Partially Linear Composite Systems
FAF*1+A’=< 5 o )
- Abdelhak Ferfera and Abderrahman Iggidr
Thus, \i(FAF™") = —2(1 —¢) and Ao (FAF™") = —2(1 + ¢).

Choose:z = 0.5. Applying Theorem 3.7, we have

tr (P) < — 1 + =2 _ z Abstract—In this paper, we study the global stabilization, by means
) = —2(1—¢) —2(1+¢) 3" of smooth state feedback, of partially linear composite systems. We show
. how to compute the stabilizing feedback thanks to a weak Lyapunov
Using Corollary 3.2, we have function for a nonlinear subsystem instead of a strict one.
2
tr (P) < 1+1/e — 5. _ Index Terms—Feedback, global stabilization, Lyapunov function, non-
—2(1—-¢) linear systems.

From Theorem 3.6, we get
( F_2—13
r(P)<5-5=75" I. INTRODUCTION
From this example, Theorem 3.7 gives the best estlmgte. ApplylngMany recent papers (see [1], [2], [6], and the references therein)
Theorem 3.8, we obtain () < 4. However, the results in [1], [2], 4qdressed the problem of the global stabilization, by means of state

[5], [8], and [9] cannot be used for this example. ) feedback, of nonlinear control systems of the form
It can be seen that using the modified Lyapunov equation (10), most

of the known results in the current literature can be generalized, and &= f(z, y)
better estimates can be obtained in this way. This is left to the readers. { ) 1)
y = Ay + Bu
IV.” ConCLUSIONS wherer € R", y € R”, u € R*, 4 € M, ,(R), B € M, +(IR),

In this paper, new estimates for solutions of differential andnd f is a smooth vector field such that
algebraic Lyapunov matrix equations are obtained, generalizing som@1) the pair(4, B) is stabilizable;
of the well-known results in the literature. Future research is directedh2) the equilibriumaz = 0 of & = f(x, 0) is globally asymp-

to the application of this new approach to differential and algebraic totically stable (G.A.S). In [6], the authors assumed that the

Riccati equations. dependence of (=, y) ony is of the following form;
h3) f(z,y) = f(=, 0) + G(=, y)Cy, with C € My, ,(IR), and
REFERENCES both C' and B are of full rank.
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