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Abstract

Let
����������	�

�

denote the sum of � th powers of numbers having given order (or exponent)



modulo
���

where
�

is an odd prime, � , 
 and � are positive integers and

�� ���������

with
�������

indicating the Euler

function. In this paper, we study the congruence property of this summation and obtain the following result
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1 Introduction

Let
� � ��� � 	�
��

denote the sum of � th powers of numbers having given order (or exponent)



modulo
� �

where�
is an odd prime, � , 
 and � are positive integers and


�� ����� � �
with

�������
indicating the Euler function. Gauss

proved in his masterpiece ([4]) that
��1����2	��43 ( �5�  ���43 ( �6��7+8
9:�;� where  ����� is the Möbius function.

In 1830, Stern ([6]) generalized this result and obtained that
�<1����2	�

�=�  ��

�%��7>8�9?��� for any


��@���A3 ( � .
In 1883, Forsyth ([3]) studied the congruence of

� � ���'	��B3 ( � for any positive integer � , however, his results

and proofs were very complicated. In 1952, Moller ([2]) investigated more general cases and obtained

���C���2	�

��� ����
��
����
 1 �  ��
 1 �D��7>8�9E���!	<
 1 "



� � 	�
�� 0

However, Moller’s proof was still complicated. Gupta ([5]) gave a simpler proof using the concept of

primitive root.

In this paper, we generalize Moller’s results to the case when the modulo is a power of a prime.

2 Main Results

The following are our main results.

Theorem 1. Let � ,



and � be positive integers, let
�

be a prime number,
� �

is the number satisfying
�F
� � 	�
�� " � $ � � and
���2	�� � � ")( , then we have

������� � 	�
���� ����

�
����� � �  ��� � �G��7+8�9H� � � (1)

Let I ��

� " 

F
� � 	�

� , let
�J��

� "LK 8CMONP� I ��
��Q� denote the highest power of

�
in I ��
�� , where K 8CMRNP�TS'�

2



denotes the highest power of factor
�

in
S

. For � � �J��� � � , define� � � 	 � � " � ��� � ����

�
��� I ��

����� N
	 ��� �  � I ��
���� � N
	

���
�

(2)

We have

Theorem 2. � � � 	 � � " � � 	����P� ��������� 	 � � � � ���
, 	 8CM��! #"�$%�'&( 0

To prove our main results, we need the following lemmas.

Lemma 1. There exists a primitive root ) modulo
���

such that) N�*+	 N � 1 � � (-,/. )1032 1 ��7+8
9A� 04265 �
for any

�87 , and
���'	 . � " ( .

Proof: Suppose ) is a primitive root modulo
�

, without loss of generality, we assume ) N � 1 " (9,. 1 �J��7+8
9 � 5 � where
� . 1 	���� " ( . It is well-known ([5]) that ) is also a primitive root modulo

�;�
. When� " , , from the choice of ) , we know Lemma 1 is true. Suppose that Lemma 1 is true for

��3 ( , that is, we

have ) N *4:�; 	 N � 1 � ")(-,/. 5 � 0 	&� . 5 	��;� ")( 	

then ) N * 	 N � 1 � " � (<,/. 5 � 0 � N ")(=,>. 5 � 032 1 ,@? � A
B � . 5 � 0 � 5 , � � �
� (-,>. � 042 1 ��7+8
9H� 03265 �

By induction, we conclude that Lemma 1 is true.

Lemma 2 ([5]) Let C �TS'� denote an arithmetical function, then

�8DO�TS'� " �E#F�G3H C ��I�� " � ��� H  ��
���J C ��

� , C � A 

� , � � � , C �TS'��K
where

IML D S
represents

I9L S
and

��IC	QS'� ")( .

Lemma 3 ([5])

K 8CM N ?%? �ON� BPB "RQ 3 K 8CM N � � �!	 ,TS �TS � N 	 Q *-,
0

Lemma 4 ([1]) Given integers � , 
 and U such that

�� U ,


 * , , U 7 ( and
� � 	�
�� " ( , then the number of

elements in the set
� " J � ,/V 
XW V<")( 	

A
	 0 0 0 	 U F�
!K which are relatively prime to U is

��� U �QF�����
�� .
3



Now we are ready to prove our main results.

Proof of Theorem 1: Let ) be the primitive root as in Lemma 1, set V�" )��
	 N�� � � �

, then we haveV � � ) � 	 N � � � ; � � ; ��7+8
9A� � �D��� ��7+8
9A� � �!	 � 1 " �� � 	�

�
	<
 1 "



� � 	�
��

	�� " ) � 	 N � � � ; � � ; 	
thus V � and

�
have the same order


 1
. Set

� " J V
	 � W�� LPD

!K 	�
 " J V E � W I LPD

 1 K 0
It is observed that every element in



will reappear many times in

�
modulo

�;�
. Let V E � be any element in


, which has the order

 1

, then the number of elements in the setJ V 	 � W V 	 � � V � E ��7+8
9H� � �!	�� L D 
!K
is equal to the number of elements in the setJ�� W��4� I+��7+8
9.
 1 �!	�� L D 
�K
which is equal to

�J��

�QF�����
 1 �
via Lemma 4. Thus, every element in



will reappear exactly

����
��QF�����
 1 �
times in

�
modulo

���
.

Let

�� " J����MW U L D 
 1 K

, then we have (in what follows we will use
�

to denote the congruence with

respect to modulo
� �

for brevity)

���C��� � 	�
���� �
�
���

� � ����

�
����
 1 � ��
��� � � ����
��

����
 1 � �
�
�����

�
(3)

From Lemma 2, we have�
�
�����

� " �
�
� � ;  � I ��J�� � , � 5 � , � � � , �

� ; K " �
�
� � ;  � I � �

� ; 3 (� � 3 (
� �

(4)

Let

 1 " �

� � � �
,
� � �@��� 3 ( � . Define

�Q�TS'� "
� , 	����2S " , �
( 	����2S *-,
0

Then, we obtain �
�
��� �

� " �
�
�
N"! � 0 �  � I �

�
� ; 3 (� � 3 (

� � " �
�$# � # � �&% 0 � 0 �  ��� � � �

�
� ; 3 (� N�' 0 3 (

� N ' 0
" � 0 � 0 �  � I �

�
� ; 3 (� 0 3 (

� 0 , �Q� � � � � 0 � 0 �  �����O�
�
� ; 3 (� N 0 3 (

� N 0
" � 0 � 0 �  � I �

�
� ; 3 (� 0 3 (

� 0 3 �Q� � � � � 0 � 0 �  ��� �
�
� ; 3 (� N 0 3 (

� N 0 (5)
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For
� * , , if

� � 0 3 ( 	�� � � �" ( , then we have
� 0 � ( ��7+8�9/���

, i.e., ) � 	 N�� � 0 � ; � � ; � ( ��7+8
9���� . Since) is a primitive root modulo
�

, then we have
���?3 ( � � ����� � ��� � 1 F�
 1 , i.e.,

���:3 ( � � � � � 1 � � � � 1 ���?3 ( ��� F�� � .
However, since

� � � 
 1
,
��
 1 	 � 1 � " ( and

��� � 	��;� " ( , we have
� � � �

. Therefore, for , L �<L � �
, we must have� � 0 3 ( 	�� � � " ( , hence �

� ; 3 (� 0 3 (
� , ��7+8
9�� � � 0

Similarly, we can obtain �
� ; 3 (� N 0 3 (

� , ��7+8
9�� � �!	 , L-� L-� � 0
Taking these two equations into Eq.(5), we obtain�

�
��� �
� �  ��� � �

�
� ; 3 (� 0 � 3 (

� 0 � 3 �Q� � � �  ��� � � �
� ; 3 (� N 0 � 3 (

� N 0 � ��7+8
9J� � � (6)

Applying Lemma 3, we can obtain the following

K 8CM N ?%? � �U B � ��� B 7 � ,�� 	8��� � 7 � 3 � 	 ( S-� L � 	
A S U S � � (7)

In fact, we only need to prove

K 8CM N ? ? � �U B � ��� B " K 8CM N ? ? � �U B B , K 8CM N ��� ��� � " � 3 K 8CM N � U � , U � 7 � ,�� 	
or � 3 K 8CM N � U � , � U 3 ( � � 7 � . Because � 7 � 3 � , we then only need to prove � 3 K 8CM N � U � , � U 3 ( � � � 3 � �%7
, which is obvious by noticing that K 8CM N � U � S � . Thus, we obtain the proof of Eq. (7).

From Lemma 1, there exists a . *-, with
� . 	���� ")( such that

� 0 � "�� ) � 	 N�� � � ; � � ;	� 0 � "�� ) N�� : ! � :1; 	 N � 1 � � � ; ")(-,>. � �
where � 7 � 3 � � . Thus, we have

�
� ; 3 (� 0 � 3 ( "

� � � 0 � � N !� 3 (� 0 � 3 ( "
� (=, . �
� � N�* � 3 (. � � � � � � ��7>8�9�� � �

and �
� ; 3 (� 0 � 3 (

� 0 � � � � � ��7+8
9�� � � (8)

Similarly, we can obtain �
� ; 3 (� N 0 � 3 (

� N 0 � � � � � � 1 ��7+8
9�� � �!	 � � *-, (9)

Taking Eq. (8) and Eq. (9) into Eq. (6), we obtain�
�
��� �

�  ��� � ���
� � 3 �Q� � ���  ��� �����

� � � 1 ��7+8�9J� � �
�  ��� � ��� � � � 3 �Q� � � ��� � � � 1�
 �  ��� � � �����

� � �G��7+8�9<� � �
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Taking this into Eq. (3) we finally obtain

���C��� � 	�
��D� ����
��
����
 1 �  ��� � � �����

� � �D��7+8
9�� � ��� �J��

�
�J��� � �  ��� � �G��7+8
9�� � � 0

This completes the proof of Theorem 1.

When � ")( , 
��@��� 3 ( � , � � " , and
� � " 
�F
� � 	�
�� " 
 1

, we have

���C���2	�
���� �J��

�
�J��
 1 �  ��
 1 �G��7+8
9����

which is exactly the result obtained by Moller ([2]).

Proof of Theorem 2: Notice that I ��
�� is multiplicative, and
�J��
��

is additive, therefore

����
��  � I ��
���� � N
	 ��� ���� I ��
���� � N
	 ��� �
is multiplicative. Moreover, it can be easily shown that

� � � 	 � � is multiplicative in � .

Suppose that � is a prime, when
� � 	���� ")( , we have� � � � ; 	 � � " ����
� � ; ����
��

��� I ��

�Q�� 
� I ��

�Q� "

� ;�
��� �

�J� � �C�� � � '	 � % � ' � �  ? � �� � 	 � � �
B
0

If
� � � ; 	 � � " � � , , L � L � 1 , then� � � � ; 	 � � "

��
� � �

��� � � ��J� ( �  
� ( � , ��� � � 2 1 ��J� � �  � � �

"
��
� � �

��� � � �'3
�J� � � 2 1 ���� � � " � � 3 � � " ,

If
� � � ; 	 � � " � � ; , then

� � � � ; 	 � � "�� ���
� � ; ����
 1 � " � � ; . When � " � ,� ��� � 	 � � " ����

N��
����
��

��� I ��

��� � N
	 ��� �  � I ��
���� � N
	
���
� " ����

N�� ����
�� " � � 0
Therefore, if � " � � � � ;1 � � �O� � '� is the canonical prime factorization, then we have� � � 	 � � " � ��� � 	 � � � ��� � ;1 	 � ��� � � � ��� � '� 	 � �

"
� �
��� � ;1 � � �R� � '� " � 	����P� �������'� 	 � � � � ���
, 	 otherwise 0

This completes the proof of Theorem 2.
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