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Abstract Directional antenna offers a variety of benefits for wireless networks,
one of which is the increased spatial reuse ratio. This feature gives rise to the
improved throughput in resource limited wireless ad hoc networks. In this
paper, we formulate the maximum flow problem as an optimization problem in
wireless ad hoc networks with switched beam directional antennas constrained
by interference. We demonstrate how to solve this optimization problem. It
turns out that the proposed method works for both single beam antenna and
multi-beam antenna, with minor variation of the constraints.

1 Introduction

Due to the hostile wireless channel, and interference within and among flows,
how to achieve the maximum throughput in multihop wireless ad hoc networks
has been of great interest over the past decades. Especially for resource-con-
strained wireless ad hoc networks, how to improve the system capacity is even
more important. With the switched beam technology, the directional antenna is
shown to be an appealing option for wireless ad hoc networks. By concentrat-
ing RF energy in the intended transmission direction, the spatial transmission
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region shrinks proportionally to the beam width of a sector. By contrast, energy
of traditional omni-directional antennas radiates to the whole space. Any node
inside the transmission range may receive the signal. Since the area of potential
collisions is reduced to a sector from a circle or sphere, the shared channel
can be used by another node towards an interference-free beam. Directional
antenna is able to reduce interference and energy consumption, and improve
spatial reuse ratio, thus can significantly boost the channel capacity. It is feasible
to equip wireless nodes with directional antennas, because the switched beam
systems could be built with fairly cheap off-the-shelf components and the size
is still moderately small. So this paper focuses on wireless ad hoc networks with
switched beam antennas.

This paper deals with the maximum flow of a wireless ad hoc network with
switched beam directional antennas. The problem to be addressed in this paper
is: given a network topology and existing traffic load, how can we achieve the
maximum flow between a given source-destination pair through optimal path
selection?

Due to the different interference pattern induced by directional antennas in
wireless ad hoc networks, constraints for the maximum flow are novel and dis-
tinct from previous work. Maximum flow problem to be addressed here is differ-
ent from the classical maximum flow problem in network flow theory. In wired
networks, there is no interference among transmissions. Any link can be active
at any instant without interference from other links. However, the broadcasting
nature of wireless medium makes the shared wireless channel bottleneck for
network flow. To avoid collision, links in close neighborhood may not be active
simultaneously. Furthermore, interference condition of wireless networks with
directional antennas is different from those with omni-directional antennas.

Without assumptions on the network topology or homogeneity of link capac-
ity, we attempt to solve the problem in a generalized setting. For the first time,
the interference-constrained maximum flow problem in wireless ad hoc net-
works with directional antenna is formulated as an optimization problem. This
problem is inherently a joint multipath routing and optimal scheduling problem.
Generally, multipath routing is capable of supporting a larger amount of flow
than single path routing. Nevertheless, the interference among multiple paths
restricts the efficiency of multipath routing. Taking the advantage of mitigated
interference, multipath routing is justifiable in wireless ad hoc networks with
directional antennas. Yet the more involved interference pattern of multipath
routing further complicates the problem because of the substantial problem
size and searching space.

The paper is organized as follows. The next Section summarizes the related
work. Section 3 describes the antenna model. Section 4 defines the flow conten-
tion and resource sharing graph. Then we present the problem formulation of
maximum flow for switched beam antennas in Sect. 5. Section 6 demonstrates
the numerical results for the maximum flow. Finally, Sect. 7 concludes the
paper.
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2 Related work

Many algorithms have been proposed to solve maximum network flow
problem efficiently over four decades [2, 4–8, 11, 13, 17, 18]. However, problem
formulation may be different under different conditions. Especially for wire-
less networks, link condition is totally different from traditional wired links.
Many papers have derived the asymptotic throughput bounds under certain
assumptions on network topology and node configuration. The seminal paper
by Gupta and Kumar [9] studied the network comprising of n randomly placed
non-mobile nodes. The throughput per node for a randomly chosen destination
is �(1/

√
n log n), where �(x) is a quantity on the same order of x. Even under the

optimal node placement and communication pattern, the per-node throughput
is �(1/

√
n). In this case, the total end-to-end capacity is roughly �(n/

√
n), which

is �(
√

n). Subsequent work [20] investigates the capacity gain of wireless ad
hoc networks with directional antennas over omni-directional antennas. Kodia-
lam and Nandagopal [12] consider the problem of joint routing and scheduling
to achieve a given rate vector. The only interference constraint they take into
consideration is that a node cannot transmit or receive simultaneously. They
formulate the scheduling problem as an edge-coloring problem and provide a
polynomial time algorithm. The approach achieves at least 67% of the optimal
throughput. Jain et al. [10] model the interference between neighboring nodes
using a conflict graph and present methods for computing the lower and upper
bounds. They focus on the routing component alone. However, they do not
propose any approximation algorithm to solve the routing problem. In [15],
Peraki and Servetto study the maximum throughput in dense random wire-
less networks with directional antennas with bounded queue. They derive the
asymptotic upper bounds on throughput by solving the minimum cut prob-
lem. An optimal resource allocation scheme is proposed based on the maximal
cliques resulted from contention flows in [19]. A distributed pricing algorithm is
provided to approximate global optimum and fairness among end-to-end flows.

Several works study the multipath routing in wireless ad hoc networks using
directional antennas [14,16]. Tang et al. [16] define the path interference to find
the minimum single path and node-disjoint multiple paths in wireless networks
equipped with directional antennas. Since interference affects the network per-
formance, some papers attempt to reduce the interference through topology
control. A recent work [3] concisely defines the interference and proposes sev-
eral interference-aware topology control algorithms.

3 Antenna model

According to beam pattern (beam-radius, beam-width, beam orientation), we
have omni-directional antennas, single-beam directional antennas (e.g., single-
beam switched beam antennas), multi-beam directional antennas (e.g., multi-
beam switched beam antennas or sectorized beam antennas). Beam-radius is
the distance that a transmission reaches. Beam-width is determined by the angle
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Fig. 1 An illustration of
directional antenna model

Fig. 2 A simple illustration
of node graph G = (V, E)
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of a sector. For a six-beam directional antenna, the angle of a beam is π/3. The
direction a beam targeting to is defined as the beam orientation. For directional
antennas, both directional transmission and directional reception are enabled.
To be clear, for single-beam directional antennas, we assume only one direc-
tional transmitting beam or one directional receiving beam can be active at
a time; for multi-beam directional antennas, multiple directional transmission
beams or multiple directional receiving beams can be active at a time. However,
a beam can only be either transmitting or receiving at any instant. An illustra-
tion of a switched beam antennas with six beams is shown as Fig. 1. Assume
that the antenna is directed to discrete directions, with fixed beam-radius and
beam-width. There is a link between node i and j if the distance from j to i
is shorter than the beam-radius. An illustration of a node graph comprising of
nodes with directional antennas is shown as Fig. 2, though a realistic node graph
is always more complex. Node 1 and node 6 are considered source node and
destination node, respectively.

4 Interference characterization

4.1 Flow contention graph

To study the interference pattern of directional antennas in wireless ad hoc
networks, we need to learn the effect of interference through the flow conten-
tion graph. Given the toy example of node graph Fig. 2, the flow contention
graphs for the single beam directional antenna case and multi-beam directional
antenna case are shown as Figs. 3 and 4, respectively. The vertices in the flow
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Fig. 3 Flow contention graph
for single beam directional
antennas (1,2)
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(2,4)
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(4,6)

(5,6)

Fig. 4 Flow contention graph
for multi-beam directional
antennas (1,2)

(1,3)

(2,4)

(2,5)

(3,4)

(4,6)

(5,6)

contention graph are the links in G. There is an edge between two vertices in
the flow contention graph if the corresponding two links in G interfere with
each other. For instance, link (1, 2) interferes with link (1, 3), (2, 4) and (2, 5) in
Fig. 2, because they cannot be active concurrently given single beam directional
antenna. Hence, there are edges between vertices (1, 2) and (1, 3), (2, 4) and
(2, 5) in Fig. 3, respectively. Since the multi-beam directional antenna is able
to receive or transmit towards several directions concurrently, the contention
is only a portion of the single beam counterpart. For nodes with multi-beam
directional antennas, link (1, 2) and (1, 3) can be active simultaneously. Only
outgoing links (2, 3) and (2, 4) contend with link (1, 2). As a result, the flow
contention graph for the network using multi-beam directional antennas is a
subgraph of single beam directional antennas.

4.2 Link resource sharing graph

Since interfering links contend for channel, they share the resource at those
links. Now we can derive the link resource sharing graph from a flow con-
tention graph. Given flow contention graph Fig. 3, the link resource sharing
graph for the single beam directional antenna can be represented as Fig. 5. For
link (2, 4), the contention links are (1, 2), (2, 5), (3, 4) and (4, 6). Hence, no two
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Fig. 5 Link resource sharing
graph for single beam
directional antennas

(1,2) (1,3) (2,4) (2,5) (3,4) (4,6) (5,6)

A1,2 A1,3 A2,4 A2,5 A3,4 A4,6 A5,6

Fig. 6 Link resource sharing
graph for multi-beam
directional antennas

(1,2) (1,3) (2,4) (2,5) (3,4) (4,6) (5,6)

A1,2 A1,3 A2,4 A2,5 A3,4 A4,6 A5,6

contending links are allowed to be active simultaneously. Thus the link capacity
of (2, 4) are shared with those links, as indicated by A(2, 4). In other words,
(1, 2), (2, 4), (2, 5), (3, 4) and (4, 6) share the time fraction for using the common
wireless channel.

When using multi-beam directional antennas, the resource sharing graph is
disparate according to Fig. 4. Typically, the resource contention in networks
with multi-beam directional antennas is moderate compared to single-beam
directional antennas. As depicted in Fig. 6, for link (2, 4), the contention links
are reduced to (1, 2) and (4, 6). The decrease of interference level is significant.

4.3 General formulation of maximum flow

The problem here to be addressed is: given network G(V, E) and existing flows,
find the maximum flow supported by the network between pair s–d. Before
the complete problem formulation is presented, let the constants and variables
used be defined as below.

• xi,j indicates the flow over link (i, j).
• f is the flow from source node s to source node d.
• bi,j(i, l) indicates whether link (i, j) is in the l beam of node i.
• B is the total number of beams at each node.
• E is the set of edges.
• V is the set of nodes.
• θ

j
i is the beam of node i that node j resides in.

Based on the link resource sharing graph (Figs. 5 and 6), the maximum flow
problem can be formulated as the following optimization problem.
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max f
s. t.

∑

{j:(i,j)∈E}
xi,j − ∑

{j:(j,i)∈E}
xj,i =






f i = s,
0 i = V − {s, d},
−f i = d;

∑

(k,l)∈Ai,j

xk,l ≤ ui,j, ∀ (i, j) ∈ E;

xi,j ≥ 0, ∀ (i, j) ∈ E.

(1)

where ui,j is the normalized remaining capacity or bandwidth (0 ≤ ui,j ≤ 1) for
link (i, j). The second constraint specifies the contention for resource of each
link according to the link resource sharing graph. This is a traditional maximum
flow problem with added interference constraint. To straighten the problem
formulation, the interference constraint is further explored and characterized
in the next section.

5 Formulation of interference-constrained maximum flow

5.1 Interference region

In wireless networks, a transmission collision occurs when a receiver is in the
communication range of two transmitters, because the receiver receives both
time-overlapping signals and cannot decode correctly.

We assume that an antenna both transmits and receives directionally, but
it cannot transmit and receive simultaneously. With directional antenna, two
links interfere with each other if a receiver is in the transmitting beams of both
transmitters, shown in Fig. 7. If transmissions from node u and i overlap in time,
j cannot receive the signal from i successfully because the signal from u also
arrives at j. To guarantee successful reception at node j, any node in the receiv-
ing beam of j cannot transmit towards j before current transmission finishes. The
protocol model in wireless ad hoc networks with directional antennas differs
from those with omni-directional antennas, because the interference region is
specified not only by the transmission range or beam radius, but also the beam
orientation.

The protocol model In the protocol model, the transmission from node i to
node j is successful if (1) j is in the transmission range of i, dij ≤ R, where R is
the transmission range; (2) any node u that in the receiving beam of j from i is
not transmitting in the beam covering j (when interference range = transmission
range). This means that j must be outside of transmission beam of u.

In wireless communications, only one transmission is allowed in the inter-
ference region. Therefore, the channel is occupied by one transmitter in the
interference region at any instant. The link flow is the product of channel
bandwidth and channel usage time. As the bandwidth of the channel is fixed,
the flow is proportional to the channel busy time dedicated to the transmitter.
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Fig. 7 An illustration of
interference caused by (u, v)

to (i, j) i

j

u

v

Fig. 8 Illustration of α(i, j)
and α(j, i) i

j

α(i,j)

α(j,i)

Given a time unit, the portion assigned to a sender and receiver pair for com-
munication indicates the flow. Instead of the circular interference area in omni-
directional antenna network, the interference region in directional antenna
equipped wireless networks is a beam. The smaller interference area signifi-
cantly reduces the interference, thus larger amount of flows can be supported
given the same channel capacity or bandwidth. In this way, the network capacity
is improved comparing to the network with omni-directional antennas.

Our work is based on this protocol model. Since the interference region is
a beam, the information about the beam to which a link belongs is essential
for routing and scheduling. Suppose there are fixed B beams for each antenna,
labeled from 1 to B counterclockwise. Then a beam is specified by the transmis-
sion range and the direction pointed to. Denote the angle between node i and
another node j is α(i, j) as depicted in Fig. 8. The transmission and reception
beams of (i, j) at node i and node j, respectively are different by B/2 beams. With
the knowledge of α(i, j), (i, j) can be located in the beam θ

j
i = �α(i, j)/2π × B�

of i, which is the transmission beam for link (i, j).
Now we can recapitulate condition (2) of the protocol model in the following

way: (2′) when (i, j) is active, for any node u in j’s receiving beam towards i,
beam θ

j
u should keep silent. Denote b(i, l) as the lth beam of node i, where

l = 1, . . . , B.
The problem formulation is mostly the same for the single beam and the

multi-beam cases. Due to the different number of transceivers, only one con-
straint is different, which is the time sharing constraint as described in the
following subsections. With the protocol model, we are now ready to expand
the second constraint in (1).
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5.2 LP formulation for single beam directional antenna

Because the single beam directional antenna can only target to one beam at a
time. So the time for using the channel is shared by all links in all beams.

From the link resource sharing graph Fig. 5, the time sharing constraint is
formulated as,

B∑

l=1




∑

(k,i)∈E

xk,ibk,i(i, l) +
∑

(i,j)∈E

xi,jbi,j(i, l)



 ≤ 1, ∀i ∈ V. (2)

For single beam directional antennas, we can formulate the maximum flow
problem as the following LP.

Problem formulation 1:

max f
s. t.

∑

{j:(i,j)∈E}
xi,j − ∑

{j:(j,i)∈E}
xj,i =






f i = s,
0 i = V − {s, d},
−f i = d;

∑

u∈b(i,l)

∑

(u,v)∈E

xu,vbu,v(u, θ i
u)

︸ ︷︷ ︸
contention links in l-th beam

+
∑

(k,i)∈E

xk,ibk,i(i, l)

︸ ︷︷ ︸
incoming flows

≤ 1, ∀ l, i,

B∑

l=1

(
∑

(k,i)∈E
xk,ibk,i(i, l) + ∑

(i,j)∈E
xi,jbi,j(i, l)

)

≤ 1, ∀ i ∈ V,

bi,j(i, l) =
{

1, if (i, j) ∈ b(i, l),
0, otherwise

xi,j ≥ 0, ∀ (i, j) ∈ E.

(3)

The first constraint describes the in-flow and out-flow at each node. The sec-
ond constraint indicates the flow interference around node i as described as
condition (2′) in the protocol model. The first term represents the sum of flows
causing interference to i in beam l. When those flows are active, node i must
restrain from receiving. The second term stands for the total incoming flows to
i in beam l. Sum of these two terms should be less than the normalized beam
capacity 1 to avoid collision. By beam capacity, we mean the channel capacity
or bandwidth, which is a constant. The third constraint describes the time shar-
ing constraint. From the resource constraint graph, we observe that the second
and third constraints aggregately describe the contention flows at a node. The
contention region includes all link flows in the 1-hop area of a node.
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Denote M the number of links in the network, N the number of nodes in
the network. The number of variables and constraints in this LP are M and
O(N + M), respectively, where O(x) indicates the variable on the order of x.

5.3 LP formulation for multi-beam directional antenna

For multi-beam directional antennas, multiple incoming flows and outgoing
flows could share the time for accessing the channel, which is normalized to 1.
So we obtain

max
l:1≤l≤B

in-flow of beam l + max
l:1≤l≤B

out-flow of beam l ≤ 1

We need max functions because several beams can transmit or receive simulta-
neously.

Now for a single pair of source and destination nodes in wireless networks
with multi-beam directional antennas, from the resource sharing graph Fig. 6,
the problem formulation in (1) can be expanded more specifically as follows,

max f
s. t.

∑

{j:(i,j)∈E}
xi,j − ∑

{j:(j,i)∈E}
xj,i =






f i = s,
0 i = V − {s, d},
−f i = d;∑

u∈b(i,l)

∑

(u,v)∈E

xu,vbu,v(u, θ i
u)

︸ ︷︷ ︸
contention links in l-th beam

+

∑

(k,i)∈E

xk,ibk,i(i, l)

︸ ︷︷ ︸
incoming flows

≤ 1, ∀ l, i

max
l:1≤l≤B

∑

(k,i)∈E
xk,ibk,i(i, l) + max

l:1≤l≤B

∑

(i,j)∈E
xi,jbi,j(i, l) ≤ 1, ∀ i ∈ V,

bi,j(i, l) =
{

1, if (i, j) ∈ b(i, l),
0, otherwise

xi,j ≥ 0, ∀ (i, j) ∈ E.
(4)

The first two constraints are the same as those in (3). In the last constraint,
the first maximum value is the load of the beam with the most incoming flow to
node i, while the second maximum value is the load of the beam with the most
outgoing flow. The last constraint guarantees that the flow is feasible because
the in-flow and out-flow share the capacity at the node. This constraint also
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implies that the in-flow from any beam should not be greater than 1. However,
the constraint is non-linear.

Notice that the relationship between the link and active beam is determined
by the positions of both transmitter and receiver. Therefore

(i, j) ∈ b(i, θ j
i ), (5)

bi,j(i, l) in (4) can be calculated by

bi,j(i, l) =
{

1, if l = θ
j
i ,

0, otherwise

In the formulation (4), the third constraint is non-linear because of the max
function. To transform it into a linear constraint, we use the following set of
constraints:

∑

(k,i)∈E

xk,ibk,j(i, l) +
∑

(i,j)∈E

xi,jbi,j(i, m) ≤ 1, ∀ l, m, ∀ i ∈ V

Observe that the constraint becomes linear at the cost of adding more con-
straints. The number of constraints is increased by a factor of B2 − 1. Thus, the
maximum flow problem can be modeled by the following LP.

Problem formulation 2:

max f
s. t.

∑

{j:(i,j)∈E}
xi,j − ∑

{j:(j,i)∈E}
xj,i =






f i = s,
0 i = V − {s, d},
−f i = d;

∑

u∈b(i,l)

∑

(u,v)∈E
xu,vbu,v(u, θ i

u) + ∑

(k,i)∈E
xk,ibk,i(i, l) ≤ 1, ∀ l, i

∑

(k,i)∈E
xk,ibk,j(i, l) + ∑

(i,j)∈E
xi,jbi,j(i, m) ≤ 1, ∀ 1 ≤ l, m ≤ B, ∀ i ∈ V,

bi,j(i, l) =
{

1, if l = θ
j
i ,

0, otherwise

xi,j ≥ 0, ∀ (i, j) ∈ E.

(6)

The number of variables and constraints in this LP are M and O(N + M),
respectively.

Until now, the maximum flow has been formulated for single beam and multi-
beam directional antennas, respectively. Except one constraint, the formulation
is the same. Solving the LPs in (3) and (6) is easy. So we give a brief description
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Table 1 Maximum flow rate of 20-node network

20 Nodes

Average maximum flow rate Computation time (s)

Single beam 0.2674 12
Multi-beam 0.4387 25

Table 2 Maximum flow rate of 30-node network

30 Nodes

Average maximum flow rate Computation time (min)

Single beam 0.2664 5
Multi-beam 0.5066 9

Table 3 Maximum flow rate of 40-node network

40 Nodes

Average maximum flow rate Computation time (min)

Single beam 0.2048 49
Multi-beam 0.6095 112

of the algorithm. First, we can obtain bi,j(i, l)s after establishing the neighbor
node list of every beam at each node. The constants are determined by the rela-
tive positions between nodes. Then we need to calculate the remaining capacity
in each beam for every node. The remaining capacity is the total capacity minus
the capacity used by interfering flows. With remaining capacity in each beam,
the LP can be transformed to a standard LP. Applying an existing optimization
algorithm like branch and bound [1], we can obtain the optimal solution.

6 Numerical results

In this section, we give some numerical results of the two LP problems, which
are solved using MATLAB [21]. Calculations are done on a machine with 3 GHz
processor and 2 GB of RAM. Nodes are randomly deployed in a 10×10 square,
with transmission range of 2.5 units. The link capacity is normalized to 1. The
network size varies from 20 to 40 nodes. A source-destination pair is randomly
chosen from all nodes. There exist other random flows which may interfere
with the flow between the source-destination pair. Each instance is repeated
for 30 runs. The maximum flow rates in 20, 30 and 40-node network is shown in
Tables 1, 2, 3. The first column shows the average maximum flow rate support-
able in the network. The right column demonstrates the average computation
time.
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As expected, the maximum flow in case of multi-beam directional antenna is
greater than that using single beam directional antenna. An interesting obser-
vation is that the maximum flow rate decreases inversely to the network size
for networks with single beam directional antenna, while the maximum flow
increases for networks with multi-beam directional antenna. The reason for
the different performance is that the single beam directional antenna is more
sensitive to contention caused by increased flows. As the network grows, more
contention among flows is introduced, so the maximum flow supportable for the
given source destination pair decreases. But the multi-beam directional antenna
is capable of harnessing the advantage of space reuse more efficiently, so the
contention for time fraction is still low even if the network size increases. The
maximum flow does not deteriorate with the densities in the computation. On
the contrary, the flow increases because more space-separated paths are avail-
able. We expect the maximum flow of the network with multi-beam directional
antennas to degrade when the node density reaches a certain degree.

The computational cost is also listed in the table. The computational cost is
measured in time. The computational time of multi-beam case is longer than its
single beam counterpart, because there are more constraints using multi-beam
directional antennas.

6.1 Discussion

To sum up, we have formulated the maximum flow problem using multipath
routing subject to interference as an LP for multi-hop wireless ad hoc networks
using directional antennas. The problem is different from the traditional maxi-
mum flow problem because of the interference constraints. It can be solved by
a centralized algorithm at an omniscient base station. This is feasible because a
base station is usually available for commanding and data collection. Typically,
the base station has greater computation capacity and higher energy level; thus,
it is able to carry out complex computing.

Although the centralized LP solution gives the optimal multipath flow, it
has the inherent and common disadvantages of all centralized algorithms—it
is not scalable to the network size and cannot quickly adapt to changes in link
condition and topology. The computation time shows that the computation load
skyrockets steeply as the network increases. So developing a distributed algo-
rithm for large scale ad hoc networks, which is jointly routing and scheduling,
is our future work.

7 Conclusion

We studied the multipath routing in wireless ad hoc networks with directional
antennas in this work. The goal is to maximize the throughput between given
source-destination pair over multiple paths. A key distinction of our work com-
pared to previous work is that our approach answers the questions of what
the optimal flow is and how to realize it, with a practical interference model.
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Based on the protocol model, the maximum throughput problem constrained
by interference is formulated as an optimization problem. By solving the LP at
the powerful base station, the optimal flow can be determined.

The method applies to both single-beam and multi-beam directional anten-
nas, with minor modifications.
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