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{ On  Sums of fowers of Numbers Hau.'n.ﬁ a Given
|

Exponent  Modulo o Power of & Prime
FANG Yuguang
é-l. Introduction
Let S¥(P™.d) denote the sum of Y-powers of
- numbere having gven ord;r (or exponent) d  modulo g P
where P fsodd prime, r.d,of wre posiive integers and
d{ ep¥). C.F Gaws have proved in his madterpiece [ 3]
that  SiCPop-1) = a(p-1) (modP) . Afterwaed, -bhis problem
was  considered Lj many mothematician . In €30, M.A
Stern®™ proved  that  S.(Pd) = mld) (mod }) ,where d)ow)
1n(#e3, AR Forsgxhcn discussed  Hhe Congruence Of
Se(P,0-1) , but his vewles and profs  Gye %oo
Complicated Jn 952, | K. :Mo_LL-ert;] proved

S’I(P:C!) = 'gt:_:j M(d‘)c"“dp) . wl\;re d '-=(}?]) y bt

4 R LR B
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his methed 15 not helpful $or generalization . H.Gwptaﬁj

have o simple proof given  for  R. Moller's resule by
wmeans 0{ primitive roots .,
L1n shis paper , we shall gLve Q gane.ro.l:'mh'on

on above vesult +p +he cace that wodule s a power

of prime P“ (od21), that s, we have proved the

follbwiag
Theorem . S (p*.d) =355 4Le) (mod p¥)

where ol>o, P is odd Prime pmd Ol(y,d) =pmL, , P*Qo, "3,

Let h)=am - Pd)= potp(h)) , the highest

Power bf P in I‘\(O\)_ FOY‘ IX‘CPLFJ) , de,[.“ne_

@d) - <per
F(x,v) = MZ*I 2 D) M hid)p )

We }\O.Ve_ ( Frem 4hen on, = denote -the congruence medulo Pd)

Theorem 2 o 1 |y
Flxy)= {;

0 Otherwise
PR BR O A
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To obtarn the proofs of theorem | and 2, W2 n<ed

L%mq\ There exsite @ pn‘mit-w‘va ruotﬂ mod,’_" {wich
that QPL(P"’ = 1+ g (modpTE)  where 130, pEM

PYvO_{- .Suuffose. 9 is O Pn‘m.‘t-.‘ve, oot wmed P , wibh-
put \.os\‘nj generality Ossume 9"" = |+ mpP (modpl) , where

P/}M N wel‘ Known -thot g s O Pn‘m.'t\‘VL root

med P¥ . When L=o | 4rom Lhe Chotce Of ¢, we know oche

Lemima | (S £me . Suppose Lemma | 03 true for Lo, that v,
gFUL e ampt (p )
then gf"‘(?") = (1t ,uP")P = |+ MPM-*'(E)@“P’\*"“
= jeuptH (med pUtr Y
Bg induction . we wmplete the proof,

)

Lo,mmaz Le{- $im denpte an arrthmetical

function, bhen
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$'tmd I f() = )T' ald) {$d) +fad) s f o)

wWhere 1< N denste represents y<n o and (5,n)=1,

Lemma, 3[:1]

PC
pote ({7 )= copotpt) (osvs pe).
Lewmma 4-“] Griven {nkeguc Y, d and K sach that
dik ,d>0 Lyl and (v,d) =1. Then the number of

. clements 1w the et S‘=ir+td.‘ T K/d} which

are reuh‘vebj Pvimt £o K s Q(K)/p(d).

j 3 Proofs of theorems

freof of thesremd 1 g s the one 1n Lemmal, Set

o) “) V. /4,
4= gw /4 . then A" = gcpu’)r/a (mod ¥ ) = 0 (modf).

Y d L pwn/d,

‘. w}\ept Y, = __U»d)- Coohy "_Lv.d) ond &= g . Th?.n

' both £ and 0 hawe order d, . Set T:{XAY1 )“"d}
ond K= { t" )<’d } are all elementc of T. ot

Cvngruent wu‘bh eack o’bl\tL EJLC.Y_\] e,lewmsh n K W\n

' Jiu II&Ifzf‘ﬁﬁh” 1
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For 2. f (e} -1.p%) ¥, #hen we have

ew LY /4,

at =zt (modp) ,that is, ¢ =) (modp) . Becawse

§ is & primitive voot of modp , then P-) | @UOL/,
that (s. Pl [ PP (P Rk L But Re| di, (duv)=ioand
(Le,P) =\ . we have R.|R.

Themj-are_, when 0ed< 0., we must have (al=,p9)=1,

ot -]
then Gro = 0 (medp¥)
' ad -y >
With the same dévivakion , we have —g—— =0 (modp%)
O -1

'f'°f Dcl"lo .

From (3) . we obkarn

R adi.“l ¢ O.d‘-"| p.e
b = ale)grsy &Y~ Ao site) - a7 (medt) (4)

Usi‘uﬂ Lemma }, we arrive a1 the f"u"“"‘"ﬂ

e s |
P°tp((l:<)PKp ) %48, when B2 oY L1SY <A Gad L Ksp,
| )
In fock, we sml.ﬂ _n<ed_t0_ prove

ooty (B P8 ) = potp () +peta(#4) = v - potylae) 4B

(20 15= 3001 4 9% BR 2 1R 4 i
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. .,

> o+ p . or. T-pheosEd (k-)f 2o, Because

B2od=r , we only prove  r- potp(x) +{K-)(a-r) 20 or

(K"l)(d‘r) > Y°+'P (K) . Buk «his 1s easy tosee , §0

we §et the concluton . |

By means of Lemmal , there exsitbs A, phat, sucy

that CLP" _ ( gw«,r,/d‘ )ﬁ. _ pa=re-) (I"'\): I+MP’& 0
where B2 o-Y. . Then
e e e
+ Ae) 7 B (8)m<p = 9™ (mea p)
| Reminding 0f (6) » we obbain |
| S b s (e ) s

We can olso_ derive lo.j %c..;a-.me..md:kvd +hat

'u'dl -3
QFe —

Cﬁhlan'm‘n-j (7) and (&) weth &), we finally . get

G = T (medpd) (i w2) &)

Tl o= pt - e atn P (md )

200 15 - 300 B SRR AR AT

N T e
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= o) (Po= Q) P77) (medp?) = muile) (PT) (modp™)

?M.’C this ivte ), we obtarn

Syt d) = th)) ALe) @(P™) (moAP )

= -%—% ML) (medp¥)

Th:‘s CDMP\‘& the Prob-f Of ’d\wo.ml,

Wken OL:l A dl P"‘- Yo-“-D.,Cu\d 9-":6%—33 = dl. 'u\m

S‘Y(P d) = Cp(d 'U‘(d') (med P) . This what 2. Moller

obtatned v [(QF 2.

P\"DOf Oj' theorem 2 . Notice that hid) is Mu\.’:{fl:u{'n‘u

and PA) 16 additive , bherejore QLML hLd)P""“’)Ka(hwf*"“’)
s mu\.i-.'PL\‘cai:-t'Ve k00 , Moreover, we obbain Flx,r) 1s

multiplitive  for X,

f Sufpose that 4 (s @ prime , w«he.n (4.p) =]} ,
?Lhm)))—_‘..*“‘m)) = Z CPL&")/”-(@,,))/ ?Lu w)

'. F(Qqul d‘%l
I'f Lﬁd'_l“ﬂﬂ °<é< ity then
B SR SRR WA AL A
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‘ /9
(P(@‘) @38+
et = & e 8 )

£ e
T—;ZQ?Q)—- P9 ) :ﬂp'ﬂﬂzo

7 ¢ — q% ay o,
If (4% r)= 9™, then F(4™ r)_%ﬁo(d)..cl

— 4 -
Wl\eh &:P , FQPB’Y)._: d%‘m) MU"Ld)rP )
— 7 @d) = Pp _

Tkm{"’ri: o= PP n U canonical decomp-
sitton 0f X , then
FUx.r)= RPEY) BP0 FORY)
pA R P = X when p-PtP) )y
) { 0 dtherwise
Thi's completes bhe Pno-j-
When P=2 ., we hwe ulso obtarn an interesting

reswlt ,that 1.

Se(2% ™) = (=) oln) +[i+)"] @(2") (med 2%)

SR .
Where  o23, bemegn-2 , Aln)=T L‘n‘; e

AR BRLE IR



r

Selrzl (med2) 0 S (4.2) = (1) (med 4)

T)‘\.‘s w:H be chis@wised I\h OU\{:L)QI" Pa,ile.r'_

dn wn‘{:h‘aj thepaper, I have Hni' o Lot of instruction
-(-rom my +utor, Profzssor SHAOD, Pu‘nzong . 1am greai‘-&j

indebted to him .
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N
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3 (mod ld) é) llr )
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Z A X
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Qv ,Qy, " On % % R £ de, 5{] %85 VR G..Gy,-GR % |

+3d, 3 A

i P((\&t#&\.,---a«)) =0 G = Oahe-an d'”‘ (d+\)3

i
|

| 7% = d-f, - Gy =d-fr, 2|0 F
| QudtGark s+ Q= (d =P )+ (d=pg) +4d + 5(dH) =kd+r
’ %. (L3548 ) dej— = -T2 = kd+Y
A PR R A S Ll bt £L

388 F mro, % (d-m)(s) < (d-med, 1
R planag) = (d-p)U-R) - (T &° (d+1)]

' P Pt +F, Y
= (d=P) (d=h) - (b-1e) a* (a+) " (a+)
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O b Ge K R F A, Guz defa | Pasi (1eme))
R plaax) = (Gh) = (d4h;) (deptdgut
Bodn. @4+ o +(del) + (8-5) (do) + (w)d = kdtr
ME o opabt bl 405 =y £ =8-3R
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f\+Pu+"-+Pj = r--'l:

W Fed T mal B (dem)d € (demer) (o))

-+l PU«uﬁw--m) < Kd+|)P'+"'+P)ol"w'”""ﬂ’) Cd+l){ dg_l |
Py +oe- Yy -1~ (Pa “"*P} -K - v
= (d+1) * 4" ) =(d+s)rdk hor

= (d4y) 4" < (de)Vd*" (A3 jax)

RICE FEE 2 I ey $% 2% fou.
3R W I RA N da (evew)

VL BLAWI)) = g% (g4

A .(..u-g')d+j(d+l)= kd+v., Ly =r.
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pocm) , Bde plom=i. plan)=[2) e d ka3 b
Lﬁmo&ﬁé;&%?. 5 8 Bha, Pcn)zﬁpnx.n)-. A 5L
32%?3 PLm)Jn?af?M%i dp) AP HE K e pe
h B BY R I RNT P duln L
Bl M 3 RAAYG 40 ARFR,

| A E L R
PER . Ao P . 44 b 078,
(2] R.E Bellmon & ¢ E. Dreuﬁ-us ) A,f[.‘&] P%Mm.‘c_

P"DQTMMM&, Peinceton Um‘mu:t'j Press  |—15.
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