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Abstract—Wireless cloud computing system with computation
offloading has attracted much attention due to the potential of
alleviating the restrictions of limited resources in mobile devices.
During the computation offloading, the steps of transmissions
and computation need to be completed within the required time,
otherwise the system will be in outage. Due to uncertainties of
channel fading and computational complexities, such outage is
the result of either transmission outage or computation outage.
In this paper, a theoretical framework is proposed to analyze
the outage of the wireless cloud computing system with multiple
subcarriers and computation resources. Through theoretical
analysis of the outage probability, the outage bottleneck can be
identified. Numerical results have verified the theoretical analysis
and concluded that the outage bottleneck depends not only on
the distributions of complexities of tasks but also on the numbers
of subcarriers and computation resources.

I. INTRODUCTION

In recent years, the demand for mobile devices to run heavy
applications with high computation requirement is increasing,
while the resources of mobile devices, e.g., battery life and
computation capability, are still extremely poor due to the lim-
ited physical size. Wireless cloud computing with computation
offloading is considered as a potential technique to overcome
these challenges [1][2] by transmitting insensitive and heavy
computation tasks to resourceful computation resources in
the cloud, which have attracted much attention from both
academia and industries [3][4].

With the development of mobile networks and cloud compu-
tation, energy efficiency becomes an important design consid-
eration due to the limited battery life of mobile devices. How-
ever, due to the uncertainties of wireless channels and compu-
tation requirements, the communication-computation tradeoff
is much more challenging [5]. To better utilize the resource in
computation offloading systems, there is a tradeoff in energy
consumption between transmission and computation [6]. A
framework for computation offloading based on execution time
and energy consumption was proposed in [7], which aims to
shorten response time and reduce energy consumption. In [8],
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the optimal timeout for local execution was found and an
adaptive approach was proposed to save energy.

In this paper, we focus on a wireless cloud computing
system which is composed of a mobile device connecting
with multiple computation resources through multiple trans-
mission subcarriers. In the process of offloading, not only
the transmission of a task and its output results, but also
the computation of the task in the cloud must be completed
within the required time. Otherwise, timeout will be triggered,
resulting in task resubmission, which we simply state that the
system will be in outage state. Clearly, the outage event is
composed of transmission outage and computation outage due
to the uncertainties of channels (i.e., transmission subcarriers)
and computation complexities of the task. To improve the
system performance in terms of outage, both transmission and
computation capabilities can be improved by increasing the
power consumption of the system. However, in practice, the
same outage performance may require different levels of power
consumption in transmission and computation. Therefore, we
consider the major factors that restricts the reduction of outage
probability of the system even with the increase of power con-
sumption, which will be referred to as the outage bottleneck.
By analyzing the features of complexities of tasks and different
offloading schemes, the necessary and sufficient conditions to
determine the outage bottleneck of the system in two typical
schemes are obtained, which can be used to evaluate the outage
performance and select the most economical way to improve
the systems performance for existing and upcoming wireless
cloud computing system with computation offloading.

II. SYSTEM MODEL AND PROBLEM FORMULATION

Consider a wireless cloud computing system with computa-
tion offloading that consists of one mobile device and 𝑀 com-
putation resources, whose set is denoted by 𝒞 = {𝑐1, . . . , 𝑐𝑀}.
The mobile device offloads the tasks to the computation
resources in different locations over 𝑁 (𝑁 ≥ 𝑀) orthogonal
subcarriers, whose set is given by 𝒮 = {𝑠1, . . . , 𝑠𝑁}.

A. Timeslot Model

As shown in Fig. 1, the time horizon is divided into
timeslots, whose length is a fixed value 𝑇s. Assume that each
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task of the mobile device arrives at the beginning of each
timeslot, whose data size (e.g. in bytes) is a fixed value 𝑙in.
Moreover, the data size of output result of each task is also a
fixed value 𝑙out.

Fig. 1: The proposed upload and download structure.

Similar to our previous work [5], each timeslot can be
divided into two parts: upload sub-timeslot 𝑇1 and download
sub-timeslot 𝑇2. Clearly, 𝑇s = 𝑇1 + 𝑇2. As shown in Fig. 1,
the mobile device is set to upload the 𝑘-th task to the cloud
at the beginning of 𝑘-th timeslot and then download the cor-
responding output result from the cloud in the download sub-
timeslot of the (𝑘+1)-th timeslot. Therefore, the computation
offloading process of each task can be divided into three steps:
upload, computation and download, whose delay tolerances are
𝑇1, 𝑇2 and 𝑇s, respectively.

Since both of computation and transmission aspects play
a key role in the computation offloading, we will introduce
the computation and transmission models next. Without loss
of generality, we focus on the offloading process and outage
probability analysis of 𝑘-th task.

B. Computation Model

Let 𝑤 denote the computation capability required by the
whole task, which is a random variable with the probability
density function 𝑓𝑤(𝑥) and could be measured by the required
CPU cycles. Moreover, there also exists other background task
in each computation resource. Let 𝑞𝑖 denote the computation
capability required by the background task in 𝑖-th computation
resource during the computation time, which are independent
with the probability density function 𝑓𝑞(𝑥). Moreover, 𝑤 and
𝑞𝑖, 1 ≤ 𝑖 ≤ 𝑀 , are independent with each other.

The computation capability of each computation resource is
a finite value 𝐶, which could also be measured by the total
number of CPU cycles in one timeslot 𝑇𝑠. Let 𝑓c denote the
clock frequency of the CPU in each computation resource.
Moreover, according to [10][11], the power consumption of
CPU in each computation resource can be expressed as

𝜉c = 𝜅𝑓c
3, (1)

where 𝜉c is the power consumption of computation and 𝜅
is the effective switched capacitance depending on the chip
architecture. Therefore, the computation capability 𝐶 can be
rewritten as

𝐶(𝜉c) = 𝑓c𝑇s = 𝑘𝑐𝜉c
1
3 , (2)

where 𝑘𝑐 = 𝑇s𝜅
− 1

3 . Therefore, the percentage of the whole
task can be completed by 𝑖-th computation resource during the
computation step is given by

𝑅c
𝑖 (𝑤, 𝑞𝑖, 𝜉c) =

𝐶(𝜉c)− 𝑞𝑖
𝑤

. (3)

C. Transmission Model

Consider the block-fading channel, which means the chan-
nel state keeps fixed during a timeslot, and the channel states in
different timeslots are independent and identically distributed.
Since computation resources are located in different places,
we assume the channels between the mobile device and
different computation resources undergo independent fading.
The channel gain matrix in the upload and download step are
given by Hu = [hu

1 , . . . ,h
u
𝑀 ] and Hd = [hd

1 , . . . ,h
d
𝑀 ], where

hu
𝑖 = [ℎu

𝑖1 . . . , ℎu
𝑖𝑁 ]𝑇 and hd

𝑖 = [ℎd
𝑖1 . . . , ℎd

𝑖𝑁 ]𝑇 denote the
channel gain vector for 𝑖-th computation resource. Likewise,
ℎu
𝑖𝑗 and ℎu

𝑖𝑗 are the channel gain of the upload and dowload
link between the mobile device and 𝑖-th computation resource
over 𝑗-th subcarrier, which are assumed to be independent of
the identical distribution 𝒞𝒩 (0, 1).

In the upload step, to take full advantage of independent
fading and maximize the diversity gain of transmission, the
whole task will be broadcasted to all computation resources
over 𝑁 subcarriers. Therefore, the percentage of whole task
can be uploaded to 𝑖-th computation resource is given by

𝑅u
𝑖 (h

u
𝑖 , 𝜉t) =

𝑇1 log(1 + ∣max
𝑗

ℎu
𝑖𝑗 ∣2 𝜉t

𝑁0
)

𝑙in
, (4)

where 𝜉t is the transmission power consumption, 𝑁0 is the
background noise power in each subcarrier.

In the download step, the subcarrier occupied by 𝑖-th
computation resource in the download step is denoted m𝑖 =
[𝑚𝑖1, . . . ,𝑚𝑖𝑁 ]𝑇 , where 𝑚𝑖𝑗 = 1 denotes that 𝑗-th subcarrier
is allocated to 𝑖-th computation resource. Clearly, one subcar-
rier cannot be allocated to multiple computation resources in
order to avoid collision, i.e.,

∑𝑀
𝑖=1 𝑚𝑖𝑗 ≤ 1, 𝑗 = 1, . . . , 𝑁 .

Similar to Eq. (4), the percentage of the result of input task
can be downloaded to 𝑖-th computation resource after the
download step is given by

𝑅d
𝑖 (h

d
𝑖 ,mi, 𝜉t) =

𝑇2 log(1 + ∣max
𝑗

{𝑚𝑗ℎ
d
𝑖𝑗}∣2 𝜉t

𝑁0
)

𝑙out
. (5)

D. Outage of Wireless Cloud Computing

Assume that each task is splittable, which can be divided
into multiple subtasks and then be processed in parallel on
different computation resources. Then, the separate results
of all subtasks can be combined into a whole result with
negligible computation capability consumption [9], i.e., time
consumption can be ignored. The corresponding percentages
of the original task that is partitioned into the subtask on each
computation resource are denoted by vector x = [𝑥1, . . . , 𝑥𝑀 ].
Clearly, to guarantee the quality of service, the sum of subtasks
must cover the complete original task, i.e.,

𝑀∑
𝑖=1

𝑥𝑖 = 1. (6)

Similar to [9], we assume the original task is uniformly
splittable, i.e., a fraction of 𝑥𝑖 of the original task has 𝑥𝑖𝑙in
input data bits, 𝑥𝑖𝑙out output data bits and requires 𝑥𝑖𝑤 CPU



cycles for processing. Therefore, the percentage of the whole
task that can be offloaded successfully is given by

𝑅(𝑤,q,Hu,Hd,x,M, 𝜉𝑐, 𝜉𝑡)

=

𝑀∑
𝑖=1

min{1 (𝑅u
𝑖 (h

u
𝑖 , 𝜉𝑡)) , 𝑅

d
𝑖 (h

d
𝑖 ,mi, 𝜉𝑡), 𝑅

c
𝑖 (𝑤, 𝑞𝑖, 𝜉c), 𝑥𝑖},

(7)
where M = [m1, . . . ,m𝑀 ] and the indicator function 1 (𝑎)
is equal to one if 𝑎 < 1; otherwise, it is equal to zero. Thus,
the system will be in outage state if

𝑅(𝑤,q,Hu,Hd,x,M, 𝜉𝑐, 𝜉𝑡) < 1, (8)

which means this task cannot be completed fully within the
required time. Moreover, x is a design parameter, which can
be determined based on q and Hu after upload step.

III. OUTAGE PROBABILITY ANALYSIS

In this section, we will focus on the outage probability of
wireless cloud computing system with given 𝑀 and 𝑁 in
different offloding schemes, i.e., different vector x.

By recalling Eqs. (4)(7-8), the probability of the whole task
uploaded to each computation resource successfully in upload
step is given by

𝑝ub(𝜉t) = Pr {𝑅u
𝑖 (h

u
𝑖 , 𝜉t) < 1} . (9)

Therefore, the probability of the whole task received by 𝑚
(0 ≤ 𝑚 ≤ 𝑀) computation resources successfully is given by

𝑝ub(𝑚, 𝜉t) =

(
𝑀
𝑚

)
(1− 𝑝ub(𝜉t))

𝑚
𝑝ub (𝜉t)

(𝑀−𝑚)
. (10)

Clearly, if 𝑚 = 0, i.e., no computation resource have received
the whole task, the system is considered in outage.

Since each task can be processed in parallel on multiple
computation resources, we consider two typical offloading
schemes, i.e., Cloud scheme and Fog scheme, which are
summarized in Table I.

TABLE I: Two Computation Offloading Schemes

Upload Computation Download

Cloud scheme Broadcast Centralized Point-to-point

Fog scheme Broadcast Distributed Multiple access

Consider the scenario that the whole task have been received
by 𝑚 (1 ≤ 𝑚 ≤ 𝑀) computation resources after upload step
whose set is denoted by 𝒞ava = {𝑑1, . . . , 𝑑𝑚}, where 𝒞ava ∈ 𝒞
and ∣𝒞ava∣ = 𝑚. Then, the two offloading schemes can be
defined as follows:

1) Cloud scheme: Select one computation resource with
maximal available computation capability, i.e., minimal
background task, whose subscript is 𝑖∗ to process the
whole task. In this scheme, we have 𝑥𝑖 = 1 if and only
if 𝑖 = 𝑖∗, and otherwise 𝑥𝑖 = 0. Thus, the topology of
this scheme is similar to that of cloud computing.

2) Fog scheme: Divide the whole task into 𝑚 identical
portions, i.e., subtasks, to each available computation

resource in 𝒞ava and be processed in parallel. In this
scheme, 𝑥𝑖 =

1
𝑚 if and only if 𝑐𝑖 ∈ 𝒞ava, and otherwise

𝑥𝑖 = 0. Thus, the topology of this scheme is similar to
that of fog computing.

Then, we analyze the outage probability of two considered
typical schemes, respectively.

A. Cloud Scheme with Centralized Computation

By recalling Eqs. (2-3)(7-8), the probability of the whole
task that cannot be completed within required time in Cloud
scheme is given by

𝑝ccen(𝑚, 𝜉c) = Pr

{
max

𝑐𝑖∈𝒞ava

𝑅c
𝑖 (𝑤, 𝑞𝑖, 𝜉c) < 𝑥𝑖

}

= Pr

{
𝑤 + min

𝑖=1,...,𝑚
𝑞𝑖 > 𝐶(𝜉c)

}
.

(11)

In download step, the result of the whole task will be transmit-
ted from the 𝑖∗-th computation resource to the mobile device,
which is point-to-point transmission over 𝑁 subcarriers, i.e.,
m𝑖∗ = [1, . . . , 1]. Since 𝑥𝑖∗ = 1, the probability of result
cannot be downloaded with required time is given by

𝑝dcen(𝜉t) = Pr
{
𝑅d

𝑖∗(h
d
𝑖∗ ,mi∗ , 𝜉t) < 1

}
. (12)

When 𝑝ccen(𝑚, 𝜉c) and 𝑝dcen(𝑁, 𝜉t) are small enough, i.e.,
𝜉c and 𝜉t are large, the probability of the computation and
dowload steps cannot be completed with 𝑚 available compu-
tation resources in Cloud scheme can be approximated by

𝑝cloud(𝑚, 𝜉t, 𝜉c) ≈ 𝑝ccen(𝑚, 𝜉c) + 𝑝dcen(𝜉t), (13)

Therefore, the outage probability of Cloud Scheme can be
approximated by

𝑝cloud(𝜉t, 𝜉c)

≈𝑝ub(0, 𝜉t) +

𝑀∑
𝑚=1

𝑝ub(𝑚, 𝜉t)
(
𝑝ccen(𝑚, 𝜉c) + 𝑝dcen(𝜉t)

)
.

(14)

Then, by recalling Eqs. (11-14), the following theorem can be
obtained.

Theorem 1. When 𝜉c and 𝜉t are large, we have

𝑝cloud(𝜉t, 𝜉c) ≈ 𝑘1𝜉
−𝑁
t + 𝑝ccen(𝑀, 𝜉c), (15)

where 𝑘1 is a constant and

𝑁0
𝑁2𝑁𝑅2 ≤ 𝑘1 ≤ 𝑁0

𝑁
(
2𝑁𝑅1𝑀 + 2𝑁𝑅2

)
, (16)

where 𝑅1 = 𝑙in
𝑇1

and 𝑅2 = 𝑙out

𝑇2
.

Proof. When 𝜉c and 𝜉t are large, by recalling Eqs. (9)(12), we
have⎧⎨

⎩
𝑝ub(𝜉t) =

(
1− 𝑒−2𝑅1 𝑁0

𝜉t

)𝑁
≈
(
2𝑅1

𝑁0

𝜉t

)𝑁

;

𝑝dcen(𝜉t) =
(
1− 𝑒−2𝑅2 𝑁0

𝜉t

)𝑁
≈
(
2𝑅2

𝑁0

𝜉t

)𝑁
(17)

Moreover, we have

𝑝ccen(𝑚, 𝜉c) ∈ [0, 1], ∀𝑚 = 1, . . . ,𝑀. (18)

The theorem is proven by consisting Eqs. (17-18) in Eq. (19).



𝑝cloud(𝜉t, 𝜉c) ≈
(
2𝑅1

𝑁0

𝜉t

)𝑁𝐿

+

𝑀∑
𝑚=1

(
𝑀
𝑚

)(
1−

(
2𝑅1

𝑁0

𝜉t

)𝑁
)𝑚(

2𝑅1
𝑁0

𝜉t

)𝑁(𝑀−𝑚)
(

𝑝ccen(𝑚, 𝜉t) +

(
2𝑅2

𝑁0

𝜉t

)𝑁
)

≈
𝑀∑

𝑚=1

(
𝑀
𝑚

)(
2𝑅1

𝑁0

𝜉t

)𝑁(𝑀−𝑚)
(

𝑝ccen(𝑚, 𝜉t) +

(
2𝑅2

𝑁0

𝜉t

)𝑁
)

≈ 𝑝ccen(𝑀, 𝜉t) +

(
2𝑅2

𝑁0

𝜉t

)𝑁

+ 𝑀

(
2𝑅1

𝑁0

𝜉t

)𝑁

𝑝ccen(𝑀 − 1, 𝜉t)

∈ (𝑝ccen(𝑀, 𝜉t) +
(
𝑁0

𝑁2𝑁𝑅2
)
𝜉−𝑁
t , 𝑝ccen(𝑀, 𝜉t) + 𝑁0

𝑁
(
2𝑁𝑅1𝑀 + 2𝑁𝑅2

)
𝜉−𝑁
t

)
.

(19)

B. Fog Scheme with Uniformly Distributed Computation

By recalling Eqs. (2-3)(7-8), the probability of not all
subtasks can be processed within required time is given by

𝑝cdis(𝑚, 𝜉c) = Pr

{
min

𝑐𝑖∈𝒞ava

𝑅c
𝑖 (𝑤, 𝑞𝑖, 𝜉c) < 𝑥𝑖

}

= Pr

(
𝑤

𝑚
+ max

𝑖=1,...,𝑚
𝑞𝑖 > 𝐶(𝜉c)

)
.

(20)

After computation step, the result of each subtask will be
transmitted from the corresponding computation resource in
𝒞ava to the mobile device in download step, which is multiple
access transmission of 𝑚 computation resources over 𝑁
subcarriers (𝑚 ≤ 𝑀 ≤ 𝑁). Since 𝑥𝑖 = 1

𝑚 for 𝑐𝑖 ∈ 𝒞ava,
the probability of not all results of the subtasks downloaded
within required time is given by

𝑝ddis(𝑚, 𝜉t) = Pr

{
min

𝑐𝑖∈𝒞ava

𝑅d
𝑖 (h

d
𝑖 ,m𝑖, 𝜉t) <

1

𝑚

}
. (21)

The optimal m𝑖, 1 ≤ 𝑖 ≤ 𝑀 of minimizing 𝑝ddis(𝑚, 𝜉t)
can be obtained by the R2HK algorithm in [12]. Moreover,
according to the Lemma 6 and Theorem 1 in [12], after
optimal subcarrier allocation based on the R2HK algorithm,
𝑝ddis(𝑚, 𝜉t) in high 𝜉t regime, i.e., 𝜉t are large, is given by

𝑝ddis(𝑚, 𝜉t) = 𝑎0(𝑚)𝑚 (𝑝sdis(𝑚, 𝜉t))
𝑁
+𝑜 (𝑝sdis(𝑚, 𝜉t)) , (22)

where 𝑜(𝑥) denotes the higher order infinitesimal of 𝑥,

𝑎0(𝑚) =

{
1, 𝑚 < 𝑁

2, 𝑚 = 𝑁,
(23)

and

𝑝sdis(𝑚, 𝜉t) = Pr

{
𝑅d

𝑖 (h
d
𝑖 , [1, 0, . . . , 0], 𝜉t) <

1

𝑚

}
, (24)

Similar to Cloud scheme, when 𝜉c and 𝜉t are large, the
outage probability of Fog scheme can be approximated by

𝑝fog(𝜉t, 𝜉c)

≈𝑝ub(0, 𝜉t) +

𝑀∑
𝑚=1

𝑝ub(𝑚, 𝜉t)
(
𝑝cdis(𝑚, 𝜉c) + 𝑝ddis(𝑚, 𝜉t)

)
.

(25)
Similar to Theorem 1, we also have the following theorem in
Fog scheme.

Theorem 2. When 𝜉c and 𝜉t are large, we have

𝑝fog(𝜉t, 𝜉c) ≈ 𝑘2𝜉
−𝑁
t + 𝑝cdis(𝑀, 𝜉c), (26)

where 𝑘2 is a constant and

𝑎0(𝑀)𝑀𝑁0
𝑁2𝑁𝑅d

2 ≤ 𝑘2 ≤ 𝑎0(𝑀)𝑀𝑁0
𝑁
(
2𝑁𝑅1 + 2𝑁𝑅d

2

)
.

(27)

IV. OUTAGE BOTTLENECK ANALYSIS

According to Theorem 1 and Theorem 2, both of the outage
probabilities of two schemes with high power consumption of
computation and transmission can be divided into two parts,
which are related to transmission and computation capacities,
respectively. Therefore, we have the following definitions.

Definition 1. The computation and transmission outage prob-
ability partitions of Cloud and Fog scheme are defined by{

𝑝c1(𝑀, 𝜉𝑐) = 𝑝ccen(𝑀, 𝜉c);

𝑝t1(𝑁, 𝜉𝑡) = 𝜉−𝑁
t .

(28)

and {
𝑝c2(𝑀, 𝜉𝑐) = 𝑝cdis(𝑀, 𝜉c);

𝑝t2(𝑁, 𝜉𝑡) = 𝜉−𝑁
t .

(29)

Then, for each given 𝑀 and 𝑁 , the power consumptions
with 𝑝c𝑘(𝑀, 𝜉𝑐) = 𝑝t𝑘(𝑁, 𝜉𝑡) = 𝜀 can be written as{

𝜉c(𝜀) = 𝑝c𝑘
−1 (𝜀) = 𝑓𝑘(𝜀);

𝜉t(𝜀) = 𝑝t𝑘
−1

(𝜀) = 𝑔𝑘(𝜀),
(30)

where 𝑝−1(𝑥) is the inverse function of 𝑝(𝑥) and 𝑘 ∈ {1, 2}.
In this work, the major part of total power consumption as
𝜀 → 0 is considered as the outage bottleneck, which is the
major factor of restricting the decline of outage probability of
the system by increasing total power consumption. Then, by
recalling Eq. (30), the outage bottleneck of this system can be
found by comparing power consumption ratio

ℎ𝑘(𝜀) =
𝜉c(𝜀)

𝜉t(𝜀)
=

𝑓𝑘(𝜀)

𝑔𝑘(𝜀)
(31)

with 𝜀 → 0, where 𝑘 ∈ {1, 2}.



Definition 2. Define1

Ξ𝑘 = lim
𝜀→0

ℎ𝑘(𝜀) = lim
𝜀→0

𝑓𝑘(𝜀)

𝑔𝑘(𝜀)
= lim

𝜉c→∞
𝜉c

𝑔𝑘(𝑓𝑘
−1(𝜉c))

, (32)

where 𝑘 ∈ {1, 2}. If Ξ𝑘 = 0 or ∞, the outage bottleneck
of corresponding scheme is only transmission or computation
capability, respectively. Otherwise, if Ξ𝑘 ∈ (0,∞), the outage
bottleneck are both transmission and computation capability.

The rest of this paper is focused on the analysis of the
features of Ξ𝑘. Then, we have the following theorem.

Theorem 3.

Ξ𝑘 = lim
𝑥→∞

1

𝑘𝑐
3

{
𝑓𝑢𝑘

(𝑥)

3𝑁𝑥−(3𝑁+1)

} 1
𝑁

, (33)

where 𝑓𝑢𝑘
(𝑡) denotes the probability density function of 𝑢𝑘,

which is given by

𝑢𝑘 =

⎧⎨
⎩

𝑤 + min
𝑖=1,...,𝑀

𝑞𝑖, 𝑘 = 1;

𝑤

𝑀
+ max

𝑖=1,...,𝑀
𝑞𝑖, 𝑘 = 2.

(34)

Proof. By recalling Eqs. (11)(20)(28-30), we have

𝑔𝑘(𝑓𝑘
−1(𝜉c)) =

1

Pr{𝑢𝑘 > 𝑘c𝑥
1
3 }

1
𝑁

. (35)

By recalling Eq. (32) and using L’Hôpital’s rule, we have

Ξ𝑘 = lim
𝑥→∞

𝑥

𝑔𝑘(𝑓𝑘
−1(𝑥))

= lim
𝑥→∞

1

𝑘𝑐
3

{
Pr{𝑢𝑘 > 𝑥}

𝑥−3𝑁

} 1
𝑁

= lim
𝑥→∞

1

𝑘𝑐
3

{
𝑓𝑢𝑘

(𝑥)

3𝑁𝑥−(3𝑁+1)

} 1
𝑁

,

(36)

According to Theorem 3, the outage bottleneck is depend
on the distribution of 𝑢𝑘, 𝑘 ∈ {1, 2}. Then, by analyzing the
relationship between the distributions of 𝑤, 𝑞𝑖 and 𝑢𝑘, the
outage bottleneck can be obtained effectively.

Definition 3. Define⎧⎨
⎩

𝜑1 = lim
𝑥→∞𝑥3𝑁+1𝑓𝑤(𝑥);

𝜙1 = lim
𝑥→∞𝑥

3𝑁
𝑀 +1𝑓𝑞(𝑥),

(37)

where 𝑓𝑤(𝑥) and 𝑓𝑞(𝑥) are the probability density functions
of 𝑤 and 𝑞𝑖, respectively.

Theorem 4. If max{𝜑1, 𝜙1} = 0 or ∞, the bottleneck in
Cloud scheme is only transmission or computation capability,
respectively. Otherwise, if max{𝜑1, 𝜙1} ∈ (0,∞), the outage
bottleneck is both transmission and computation capability.

1In this paper, the scenario that the limitation lim
𝜀→0

ℎ𝑘(𝜀) does no exist is

not considered.

Proof. According to the definition in Eq. (34), since 𝑤 and 𝑞𝑖
are non-negative random variables and independent with each
other, we have{

Pr {𝑢1 > 𝑥} ≥ Pr {𝑤 > 𝑥} orPr {𝑞 > 𝑥} ;
Pr {𝑢1 > 𝑥} ≤ Pr

{
𝑤 > 𝑥

2

}
+ Pr

{
𝑞 > 𝑥

2

}
,

(38)

where 𝑞 = min
𝑖=1,...,𝑀

𝑞𝑖. By substituting Eq. (38) into Ξ1 in

Eq. (36), we have⎧⎨
⎩

Ξ1 ≥ lim
𝑥→∞

{
Pr

{
𝑤≥𝑘𝑐𝑥

1
3

}
𝑥−𝑁

} 1
𝑁

;

Ξ1 ≥ lim
𝑥→∞

{
Pr

{
𝑞≥𝑘𝑐𝑥

1
3

}
𝑥−𝑁

} 1
𝑁

= lim
𝑥→∞

{
Pr

{
𝑞𝑖≥𝑘𝑐𝑥

1
3

}
𝑥− 𝑁

𝑀

}𝑀
𝑁

;

Ξ1 ≤ lim
𝑥→∞

⎧⎨
⎩

Pr

{
𝑤≥ 𝑘𝑐𝑥

1
3

2
1
3

}
+Pr

{
𝑞≥ 𝑘𝑐𝑥

1
3

2
1
3

}

𝑥−𝑁

⎫⎬
⎭

1
𝑁

.

(39)
Then, by using L’Hôpital’s rule, the inequalities in Eq. (39)

can be rewritten as⎧⎨
⎩

Ξ1 ≥ lim
𝑥→∞

1
𝑘𝑐

3

{
𝑓𝑤(𝑥)

3𝑁𝑥−(3𝑁+1)

} 1
𝑁

= 𝑘−3
c 𝑘1𝜑1

1
𝑁 ;

Ξ1 ≥ lim
𝑥→∞

1
𝑘𝑐

3

{
𝑓𝑞(𝑥)

3𝑁
𝑀 𝑥−( 3𝑁

𝑀
+1)

}𝑀
𝑁

= 𝑘−3
c 𝑘2𝜙1

1
𝑁 ;

Ξ1 ≤ 8𝑘−3
c

(
𝑘1

𝑁𝜑1 + 𝑘2
𝑁𝜙1

) 1
𝑁

,

(40)

where 𝑘1 = (3𝑁)−
1
𝑁 and 𝑘2 =

(
3𝑁
𝑀

)−𝑀
𝑁 . Therefore, the Ξ1

can be bounded by

𝑘−3
c 𝜃

1
𝑁 ≤ Ξ1 ≤ 8𝑘−3

c (2𝜃)
1
𝑁 , (41)

where 𝜃 = max{𝑘1𝑁𝜑1, 𝑘2
𝑁𝜙1}. This theorem is proven.

Similar to Definition 3 and Theorem 4 in Cloud scheme,
we have the following definition for Fog scheme.

Definition 4. Define⎧⎨
⎩

𝜑2 = lim
𝑥→∞𝑥3𝑁+1𝑓𝑤(𝑥) = 𝜑1;

𝜙2 = lim
𝑥→∞𝑥3𝑁+1𝑓𝑞(𝑥).

(42)

Theorem 5. If max{𝜑2, 𝜙2} = 0 or ∞, the bottleneck in
Fog Scheme is only transmission or computation capability,
respectively. Otherwise, if max{𝜑2, 𝜙2} ∈ (0,∞), the outage
bottleneck is both transmission and computation capability.

V. NUMERICAL RESULTS

Without loss of generality, we set 𝑘𝑐 = 1 with two typical
cases of the distributions of 𝑤 and 𝑞𝑖 , which are given by

1) Case 1: 𝑤 and 𝑞𝑖 follow the identical independent
Gamma distribution with 𝛼 = 𝛽 = 1, i.e., exponential
distribution with parameter 𝜆 = 1.



Fig. 2: Power consumption ratio with 𝑀 = 1.

Fig. 3: Power consumption ratio with 𝑁 = 3 in Cloud scheme.

Fig. 4: Power consumption ratio with 𝑁 = 3 in Fog scheme.

2) Case 2: 𝑤 and 𝑞𝑖 follow the independent power-law
distribution, whose probability density functions are
𝑓𝑤(𝑥) =

10
𝑥11 and 𝑓𝑞(𝑥) =

5
𝑥6 for 𝑥 ≥ 1, respectively.

Firstly, we consider the scenario that 𝑀 = 1, i.e., Fog
scheme degrades into Cloud scheme since there is only one
computation resource in the cloud. Fig. 2 presents the power
consumption ratio 𝜉c

𝜉t
defined in Eq. (31) with the assurance

that 𝑝t𝑘(𝜉t) = 𝑝c𝑘(𝜉c), 𝑘 ∈ {1, 2}, with the increase of 𝜉c. By
increasing the number of subcarriers 𝑁 from 1 to 4, the power
consumption ratio of case 1 always tends to 0, while that of
case 2 tends to ∞ when 𝑁 ≥ 2 with the increase of 𝜉c. It
shows that the outage bottleneck for case 1 with 1 ≤ 𝑁 ≤ 4
and case 2 with 𝑁 = 1 is transmission capability and for case
2 with 𝑁 ≥ 2 is computation capability, which verifies the

theoretical analysis and results in Theorem 4 and Theorem 5.
Then we consider the scenario that 𝑁 = 3. Figs. 3 and 4

present the power consumption ratio 𝜉c
𝜉t

with the assurance that
𝑝t𝑘(𝜉t) = 𝑝c𝑘(𝜉c), 𝑘 ∈ {1, 2}, with the increase of 𝜉c in Cloud
scheme and Fog scheme, respectively. As shown in Fig. 3, by
increasing the number of computation resources 𝑀 from 1 to
3, the power consumption ratio of case 1 always tends to 0,
while that of case 2 with 𝑀 ≤ 1 tends to ∞ with the increase
of 𝜉c in Cloud scheme. However, Fig. 4 shows that the power
consumption ratio of case 1 and case 2 with 1 ≤ 𝑀 ≤ 3 in
Fog scheme always tends to 0 and ∞, respectively. Thus, the
numerical results in Figs. 3 and 4 also verify Theorem 4 and
Theorem 5.

VI. CONCLUSION

In this paper, we have developed a theoretical framework for
analyzing the outage bottleneck of a wireless cloud computing
system, which is the major factor that limits the reduction of
outage probability even with the increase of the total power
consumption. By analyzing the distributions of channel gains
and computation complexities and bounding the outage prob-
ability, the detailed decision conditions to identify the outage
bottleneck in two typical offloading schemes, i.e., centralized
computation and distributed computation, are obtained. The
theoretical results can be used to evaluate the outage per-
formance and bottleneck for existing and upcoming wireless
cloud computing systems and improve system performance via
the most economical way.
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